Abstract. The purpose of this paper is to prove the uniqueness of positive solutions of some particular biharmonic boundary value problems. We also give some existence results in the sublinear case.
Introduction
In this paper we consider the Dirichlet problem (1.1) and the Navier problem where BR denotes the ball of radius R centered at the origin in R" (n > 1), dBR is the boundary of BR, ^ is the outward normal derivative, and p £ (0, l)U(l,+oo).
We are interested in the uniqueness question for problems (1.1) and (1.2). Our main results are the following two theorems. (ii) Suppose n = 1. Let u £ C4([-R, R]) be a nontrivial solution of (l.l). Then u > 0 in (-R, R) and u is the unique nontrivial solution o/(l.l) in C\[-R,R]). Theorem 1.2. Let u £ C*(BR) be a nontrivial solution of (1.2). Then u > 0 in BR and u is the unique nontrivial solution of (1.2) in C4(BR).
When 1 < n < 3 and p > 1 the uniqueness of a positive radial solution of problem (1.1) was proved by Dunninger and Miklavcic [3] . When n -1 and p > 1. the uniqueness of a positive solution of problem (1.1) was established in [2] where we first showed that positive solutions of problem (1.1) were symmetric about the origin. As mentioned in that paper the same proof gives the uniqueness of a positive radial solution for n > 2 and p > 1. In the present paper we give a simpler proof. When 0 < p < 1 we do not know any uniqueness results and the proof given in [2] for p > 1 does not hold. As for problem (1.2) a uniqueness result for positive radial solutions was obtained by Peletier and van der Vorst [4] when p > 1. Our proof below is simpler. When p > 1 the existence of a positive solution u £ C4(BR) of (1.1) was established in [1] where more general nonlinearities are studied (actually, only the case n > 5 was considered in [1] ). Moreover, we proved in [1] that, when n > 5 and/? > (n + 4)/(n -4), (1.1) has no positive solution whether radial or not. For problem (1.2) the existence of a positive solution was established in [4] when p > 1. The existence of a positive solution of (1.1) (resp. (1.2)) in the sublinear case 0 < p < 1 is easily obtained. Since we have not been able to find a proof in the literature, we will discuss it briefly in the last section.
In the sequel A denotes equally the cartesian form and the polar form of the Laplacian. In §2 we give some lemmas which are needed in the proof of the theorems, in particular, to establish the existence results. Theorems 1.1 and 1.2 are proved in §3. Finally in §4 we give some existence results in the sublinear case. 
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Moreover, K" has the following properties:
The detailed verification of this lemma is left to the reader.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use (ii) Let u £ C4([-R, R]) be a nontrivial solution of (1.1). By Theorem 1.1 in [2] we know that u is symmetric about the origin, u' < 0 on (0, R), and u'" > 0 on (0, R]. Then the proof is the same as in (i).
Proof of Theorem 1.2. Let u £ C4(BR) be a nontrivial solution of (1.2). Using the maximum principle we easily get u > 0 on BR and Au < 0 on BR. Then it is well known (see Troy [5] ) that u is radially symmetric and that if y(\x\) = u(x), we have y' < 0 on (0,R) and (Ay)' > 0 on (0,1?). Let v £ C4(BR) be another nontrivial solution of (1.2). Then v > 0 on BR, Av < 0 on BR , v is radially symmetric, and if z(\x\) = v(x), we have z' < 0 on (0, R) and (Az)' > 0 on (0, R).
Let A4/^-') = y(0)/z(0), and define the function
Clearly we have (A2w = wp in[0,R/X), { w(R/X) = w"(R/X) = 0, and (3.3) y(0) = w(0).
We first prove that w is a solution of (4.1'). Now we consider problem (4.2'). By Lemma 2.4 there exists C > 0 such that f G"(t,s)(R-s)ds>C(R-t) forO<t<R.
Jo Let M > 0 be such that MC2 > 1 . By (H2) there exist p > n > 0 such that f(u) > Mu for 0 < u < n and f(u)(j* G"(Q, s) ds)2 < u for u > p. Choose a, b > 0 in such a way that aR<n < p <b . Now let W = {u £ C([0, R]) ; a(R -t) < u(t) < b for 0 < t < R} .
